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Using Monte Carlo simulation method in the canonical ensemble, we have studied the commensurate-
incommensurate transition in two-dimensional ﬁnite mixed clusters of Ar and Kr adsorbed on graphite basal
plane at low temperatures. It has been demonstrated that the transition occurs when the argon concentration
exceeds the value needed to cover the peripheries of the cluster. The incommensurate phase exhibits a simi-
lar domain-wall structure as observed in pure krypton ﬁlms at the densities exceeding the density of a perfect
(
p
3×
p
3)R30◦ commensurate phase, but the size of commensurate domains does not change much with
the cluster size. When the argon concentration increases, the composition of domain walls changes while the
commensurate domains are made of pure krypton. We have constructed a simple one-dimensional Frenkel-
Kontorova-like model that yields the results being in a good qualitative agreement with the Monte Carlo results
obtained for two-dimensional systems.
Key words: adsorption of mixtures, commensurate-incommensurate transitions, Monte Carlo simulation,
ﬁnite systems, Frenkel-Kontorova model
PACS: 68.35.Rh, 64.70.Rh, 64.60.an
1. Introduction
The commensurate-incommensurate (C-IC) transitions in adsorbed ﬁlms have been experimentally
observed in a variety of systems [1–15] and studied by theoretical methods [16–27] and computer simu-
lations [28–37].
In a large number of systems, the incommensurate phase forms a collection of ﬁnite commensurate
regions (domains) separated by domain walls [21]. The domain wall networks appear when the C phase
is degenerated, i.e., when the atoms (or molecules) in the C phase occupy one of several equivalent lat-
tices. The stability of IC phases with domain walls networks is considerably enhanced by large entropic
effects [16, 21]. The most prominent example of such a system is the krypton monolayer adsorbed on the
graphite basal plane [38–41]. At low temperatures, the adsorption of krypton leads to the formation of the
three-fold degenerate commensurate (
p
3×
p
3)R30◦ (
p
3×
p
3)R30◦ structure, in which every krypton
atom occupies one of every three hexagons of the graphite surface, has the lattice constant
p
3 times the
graphite lattice constant (agr = 2.46 Å) and is rotated with respect to the graphite lattice by 30 degrees.
Upon the increase of pressure, the commensurate phase undergoes a transition into the incommensurate
phase of higher density, in which the commensurate domains are separated by walls, and the atoms in
neighboring domains are shifted to a different sublattice [40, 42–44]. In this case, the walls are called
heavy and carry all the excess of density. At the densities just above the C-IC transition the domains are
very large and their size gradually decreases when the density increases towards the monolayer comple-
tion. This has been clearly demonstrated by a large scale computer simulation study [30].
The C-IC transition has also been experimentally observed in the mixed Kr-Xe and Ar-Xe ﬁlms on
graphite [45–48]. On the other hand, the structure of mixed Ar-Kr ﬁlms on graphite has not been exper-
imentally studied yet. The only available experimental results were published by Singleton and Halsey
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nearly 60 years ago [49] and demonstrated that mixed liquid-like ﬁlms exhibit complete mixing, indepen-
dently of the composition. The only information about the structure and properties of solid-like mixed
Ar-Kr ﬁlms on graphite have been obtained using computer simulation methods [50, 51]. In particular, it
has been demonstrated that already at submonolayer coverages and at suﬃciently low temperatures, the
addition of argon into krypton ﬁlm triggers the C-IC transition, and leads to the formation of ﬁnite clus-
ters in which small commensurate domains consisting of pure krypton are separated by heavy walls built
of argon and krypton [51]. The C-IC transition in one-component ﬁnite clusters of Lennard-Jones atoms
adsorbed on graphite has also been studied by Houlrik et al. [37]. They have used Monte Carlo method to
study the effects of the corrugation potential on the structure of ﬁnite systems and have shown that for a
given amplitude of the corrugation potential the presence of free surfaces enhanced the stability of the C
structure.
In this paper we study the mechanism of the C-IC transition of submonolayer mixed ﬁlms made of
argon and krypton using Monte Carlo simulation methods and appropriately modiﬁed one-dimensional
(1D) Frenkel-Kontorova (FK) model [52, 53]. The original FK model handles an inﬁnite chain of atoms
interacting via harmonic potential and subjected to a periodic (sinusoidal) external ﬁeld at zero temper-
ature. The FK model can be used to describe the basis features of C-IC transitions [17]. At this point, we
should mention that the FK model has been extended to two-dimensional systems [54, 55] to mixtures
[56], systems with disorder [57, 58] and has also been used to study ﬁnite chains [59–63].
In one of our recent works [52], we studied the impurity driven commensurate-incommensurate tran-
sitions in one-dimensional ﬁnite systems using the FKmodel. We assumed that the pure chain is commen-
surate and discussed the effects of impurities located either only at one end or at two ends of the chain.
It is shown that in both situations the C-IC transition occurs when the amplitude of the external ﬁeld
experienced by the impurity atoms falls into the region between the lower and upper threshold values.
These limiting values of the amplitude depend upon the parameters characterizing the interaction be-
tween the atoms in the main chain, the amplitude of external ﬁeld acting on the main chain atoms and
the interaction between the main chain and the impurities. The number of solitons (domain walls) in the
IC structure were found to depend upon the chain length, and the parameters describing the interactions
in the system. Our ﬁndings have been conﬁrmed byMonte Carlo simulation in two-dimensional systems.
Here, we also considered ﬁnite chains of Kr atoms with impurities (Ar atoms) located at the chain
ends as well as in the chain interior.
The paper is organized as follows. In the next section we presented the two-dimensional model and
described the Monte Carlo method used. The results of Monte Carlo simulation are presented in section 3.
Then, in section 4 we presented the modiﬁed 1D FK model and demonstrated that it yields the results
qualitatively very similar to those emerging from the two-dimensional Monte Carlo simulation.
2. The two-dimensional model and simulation method
We have considered strictly two-dimensional mixed submonolayer ﬁlms consisting of Ar and Kr
atoms. The interaction between the atoms is modelled via the truncated (12, 6) Lennard-Jones potential
ui j (r )=
{
4εi j
[(
σi j /r
)12− (σi j /r )6] , r É rmax ,
0, r > rmax ,
(2.1)
where r is the distance between a pair of atoms, the subscripts i and j mark the species Ar and Kr, and
the potential is cut at the distance rmax = 3.0σi j . The potential parameters for a pair of unlike atoms are
given by the Lorentz-Berthelot relations:
σAr K r =
1
2
(σAr+σKr) and εArKr =
p
εArεKr . (2.2)
The external ﬁeld due to the graphite substrate is assumed to be given by [33, 51]
v(x, y)=−Vb,i
{
cos(q1r)+cos(q2r)+cos[(q1−q2)r]
}
, (2.3)
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Table 1. Lennard-Jones parameters for Ar and Kr used in this work
i , j σi , j , Å εi , j , K
Ar,Ar 3.4 120.0
Kr,Kr 3.6 171.0
Ar,Kr 3.5 142.83
where q1 and q2 are the reciprocal lattice vectors of the graphite basal plane and the amplitudes Vb,i (i =
Ar,Kr) determine the potential barriers between adjacent minima. We assumed here that V ∗b,Ar = 8.4 K
and V ∗b,Kr = 14.4 K [51].
The values of parameters entering the potential (2.1) are given in table 1. The graphite lattice constant
agr = 2.46 Å is assumed to be a unit of length and εAr is taken as a unit of energy.
The Monte Carlo simulation is carried out in the canonical ensemble [64] for systems of different
(submonolayer) density, of different total number of atoms, N , and of different mole fraction of argon,
xAr, between 0 and 0.55. We used a standard Metropolis sampling and two types of moves are taken into
account, i.e., the translation of a randomly chosen atom by a randomly chosen vector within the circle of
radius dmax and the identity exchange. The magnitude of dmax is updated every 1000 Monte Carlo steps
(each Monte Carlo step consists of N attempts to move a single atom as well as N attempts to change
the identity of randomly chosen atoms) in order to keep the acceptance rate equal to about 0.3. The
equilibration and production runs consist of 5 ·106 and 5 ·107 Monte Carlo steps, respectively. Standard
periodic boundary conditions were used therein.
3. The results of Monte Carlo study of Ar-Kr submonolayer ﬁlms
Since our study was performed for ﬁnite clusters at low temperatures it seems reasonable to begin
with the estimation of the effects of free boundaries on the ground state properties of ﬁnite commensu-
rate patches made of pure krypton.
We performed Monte Carlo calculations at low temperatures using different starting conﬁgurations.
At ﬁrst, the rectangular simulation cells of the size Lx ×Ly = L×L
p
3/2 with L = 30, 60 and 120, were
used. The number of Kr atoms in a perfect and fully covered (
p
3×
p
3)R30◦ commensurate structure
was equal to NKr = L2/3. Then, we modiﬁed the simulation cell by making Lx larger (Lx = L+∆), while
keeping the number of Kr atoms unchanged, i.e., equal to NKr = L2/3. In this way, two free boundaries
running along the y -axis were created. Of course, the distance between these two boundaries, given by∆,
should be larger than the cutoff distance of the Lennard-Jones potential [equation (2.1)]. The second series
of calculations were done for ﬁnite hexagonal clusters of the commensurate phase built of a different
number of krypton atoms. The simulation was carried out at reduced temperatures between 0.01 and
0.1 and the energies obtained were extrapolated to T = 0. In this way, we estimated the ground state
energies.
In the case of a fully occupied rectangular box, we did not observe any ﬁnite size effects, and the
ground state energy (per particle) of the commensurate phase was estimated to be equal to e0,c =−4.617
(see ﬁgure 1). Similar calculations carried out for the systems with free boundaries along the y -axis led
to the ground state energy equal to e0,f = −4.562 (see ﬁgure 1) for three different systems of the size
(60×15
p
3) (NKr = 600), (60×45
p
3) (NKr = 1800) and (90×30
p
3) (NKr = 1200).
In the ground state, the excess interfacial energy per unit length due to the presence of free bound-
aries of the total length Lint can be calculated as follows:
Eint = (E0,f−E0,c)/Lint , (3.1)
where E0,f =NKre0,f and E0,c =NKre0,c are the total energies of the systems with and without free bound-
aries. For the three systems mentioned above, we obtained the same value of the excess interfacial energy
at T = 0 equal to about 0.635. This indicates that ﬁnite size effects are negligibly small at very low tem-
peratures.
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Figure 1. The temperature changes of the energy (per particle) of fully covered (open circles) and with
free boundaries (open diamonds) commensurate phase obtained using a rectangular slabs containing
600, 1200 and 1800 atoms and of different total length of the free interface, Lint = L y
p
3, with L y = 30, 60
and 90. The ﬁlled circles are the ground state energies of ﬁnite hexagonal patches plotted against N−1/2.
On the other hand, the ground state energies of ﬁnite hexagonal clusters are bound to show large
ﬁnite size effects. In such clusters, the fraction of atoms at the patch boundaries is proportional to 1/
p
N .
In order to extrapolate the results to the limit NKr→∞, wemade the plot (given in ﬁgure 1) of the ground
state energies (per atom) for the clusters of different size ehex,0(NKr) against 1/
p
N and extrapolated the
results to 1/
p
N = 0. In this limit, the boundary effects should vanish and the energy for NKr→∞ should
be equal to e0,c. The obtained value is equal to−4.169 and agrees very well with the value of e0,c obtained
for the fully covered surface. The above presented results demonstrate that our simulation method gives
reliable results.
It was demonstrated in our earlier work [51], that ﬁnite submonolayer clusters made of themixture of
Ar and Kr atoms exhibit domain-wall structures, in which the commensurate domains made of krypton
are separated by the domain walls of varying composition. Here, we considered such systems in a more
systematic way, aiming at the determination of conditions necessary for the domain-wall structure to
appear.
The Monte Carlo simulations were carried out for a series of hexagonal clusters of a different total
number of atoms equal to 343, 601, 931 and 1333 and of also different argon mole fraction between 0.08
and 0.55. The calculations were performed over a rather wide range of reduced temperatures between
0.01 and 0.45. Figure 2 shows the temperature changes of the potential energy (per particle) in the systems
of different cluster size and of different composition. Only in the case of xAr = 0.1 and the clusters with
N up to 931, the energy smoothly changes with temperature, and the inspection of snapshots showed
that all krypton atoms form a commensurate patch while all argon atoms are located along the patch
boundary [see ﬁgure 3 (a)].
In order to distinguish the commensurate and incommensurate atoms, we used the following order
parameter [31, 37, 51]
φ(r)= cos(q1r)+cos(q2r)+cos[(q1−q2)r] , (3.2)
and assumed that the atom is commensurate (incommensurate) when φ> 0 (φÉ 0).
In all other cases, the domain-wall structures were observed at suﬃciently low temperatures. Fig-
ure 3 (b) shows the example of a snapshot recorded at T = 0.02 and xAr = 0.1 for the larger patch made
of 1333 atoms. It can be clearly seen that unlike in the smaller cluster of N = 931 atoms, the cluster with
N = 1333 exhibits the domain-wall structure, and the walls are made nearly entirely of krypton atoms.
The argon contributes to the walls only in the areas close to the patch boundaries. The patch boundaries
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Figure 2. (Color online) The temperature changes of the potential energy (per particle) obtained for ﬁnite
hexagonal patches of different size and of different argon mole fraction. The vertical blue lines mark the
locations of transition between the mixed commensurate structure (stable at high temperatures) and the
domain-wall structure (stable at low temperatures) in the largest clusters of N = 1333 atoms, obtained
from annealing and freezing runs.
are covered by a single layer of argon atoms. The structure of the IC phase is qualitatively similar to the
IC phase in pure krypton monolayers of the density exceeding that of a fully ﬁlled C structure. However,
the mechanism leading to the commensurate-incommensurate transition is quite different in both situa-
tions. In the case of a fully ﬁlled monolayer, the density excess over the value corresponding to a perfect
C phase triggers the formation of domain walls. Upon the increase of density, the size of commensurate
domains gradually decreases [30, 65]. Ultimately, a dense IC phase without commensurate domains is
formed close to the monolayer completion.
In ﬁnitemixed clusters the atoms close to the boundaries are strained and themagnitude of this strain
depends on the number of argon atoms in the system. It is shown that the excess interfacial energy in
pure krypton clusters is positive and it induces a force normal to the interface and pointing towards the
patch interior. Evidently, this force is too weak to lead to the C-IC transition in the pure krypton clusters.
The presence of a layer of argon atoms at the boundaries causes the interfacial energy to be considerably
higher and hence induces a considerably larger force, which is suﬃcient to compress the patch and to
trigger the C-IC transition. The number of argon atoms necessary to cover the entire patch boundary is
proportional to the total length of the interface, which in turn is proportional to N 1/2Kr . For a small and
ﬁxed argon mole fraction in the system, the concentration of argon along the interface increases with the
cluster size. Figure 3 (a) shows that in the case of N = 931 and xAr = 0.1, argon atoms hardly cover the
entire interface. On the other hand, when N = 1333 [ﬁgure 3 (b)], the entire interface is densely covered
by argon and there is some excess of argon atoms which try to penetrate the patch and trigger the de-
velopment of domain walls. When the argon concentration increases, the walls become mixed and for
a large argon mole fraction are predominantly built of argon (see ﬁgure 4). We studied the changes of
the wall composition resulting from the changes of argon concentration in the system for the clusters of
different size with N = 601, 931 and 1333. We did not take into account the incommensurate atoms with
less than 5 nearest neighbors. Such atoms are located along the patch boundaries, and the inspection of
snapshots (see ﬁgure 3 and 4) allowed us to assume that there is a single atomic layer of incommensurate
atoms at the patch boundaries. Using such a procedure we were able to monitor the changes of the num-
ber of argon and krypton atoms incorporated within the walls and to estimate the argon concentration
within the wall and along the patch boundaries. We performed a series of Monte Carlo simulations over a
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Figure 3. (Color online) The examples of conﬁgurations for the ﬁnite patches with xAr = 0.1 at T = 0.02
consisting of 931 (part a) and 1333 (part b) atoms. Blue and red circles mark krypton and argon, respec-
tively. The open circles correspond to the commensurate atoms with the order parameter φ(ri )Ê 0, while
the ﬁlled circles mark the incommensurate atoms with φ(ri )< 0.
certain temperature range between 0.01 and 0.3 for different cluster sizes and different argon mole frac-
tion in the ﬁlm. The examples of temperature changes of the wall composition are given in ﬁgure 5 (a),
which shows the numbers of argon and krypton atoms forming the walls in the clusters of 1333 atoms
and different argon mole fraction. The results demonstrate that for xAr = 0.1, the patch is commensu-
rate at suﬃciently high temperatures, and undergoes a transition to the incommensurate structure at
T = 0.14±0.02. The transition seems to be of the ﬁrst order as suggested by rather large hysteresis along
the freezing and annealing runs. In the case of xAr = 0.2, the transition occurs at higher temperature
of about T = 0.20±0.02 and is rounded. For the patches with a higher argon concentration, the incom-
mensurate structure occurs over the entire range of temperatures studied. It is also evident that upon
the increase of argon concentration in the ﬁlm, the composition of walls changes from krypton rich to
argon rich. Having the temperature changes of the wall composition we could estimate the ground state
behavior of the systems studied.
The results are given in ﬁgure 5 (b), which shows the changes of the argon mole fraction within
the walls and at the patch boundaries versus the total argon mole fraction in the system. These results
demonstrate that when the cluster size increases, the onset of the C-IC transition occurs at a lower argon
concentration in the ﬁlm. In the cluster with N = 601, it occurs when xAr ≈ 0.125, in a larger cluster
consisting of 931 atoms it starts when xAr is slightly higher than 0.1, while in the largest cluster of N =
Figure 4. (Color online) The example of conﬁguration for the cluster with N = 1333 atoms and xAr = 0.3
at T = 0.06. The labeling of atoms is the same as in ﬁgure 3.
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Figure 5. (Color online) (part a) The temperature changes of the numbers of argon and krypton atoms
within the walls in ﬁnite clusters of N = 1333 for the systems with different argon mole fraction equal
0.1 (circles), 0.2 (squares) 0.3 (diamonds) and 0.4 (triangles). Black and red symbols mark the numbers
of argon and krypton atoms, respectively. (Part b). The mole fraction of argon within the wall (black
symbols) and the mole fraction of argon atoms at the patch boundaries (red symbols) against the total
mole fraction of argon atoms obtained for clusters of different total number of atoms (given in the ﬁgure).
The lines serve only as a guidance.
1333 the transition is found already when xAr ≈ 0.09. Of course, when the argon mole fraction is lower
than the limiting value necessary to trigger the C-IC transition, all argon atoms are located along the patch
boundaries. The argon mole fraction within the walls increases linearly with the argon mole fraction in
the ﬁlm and for suﬃciently large argon concentration the walls are entirely formed by argon. A further
increase of the argon mole fraction leads to a gradual decrease of the size of krypton commensurate
domains [51].
The inspection of conﬁgurations showed that when the walls are predominantly made of krypton
atoms (at low argon concentrations) they are wider than the walls formed in the ﬁlms with high argon
concentration. The domain walls made of argon atoms only were observed to usually consist of just two
rows of argon atoms and can be classiﬁed as heavy walls. The neighboring domains are shifted by the
displacement vector of the length equal to agr [21]. The results obtained for different cluster sizes showed
that the domains are rather small, and usually contain up to 10 commensurate krypton atoms along the
line joining opposite walls. This is quite different from the already mentioned pure krypton IC phase, in
which the domains are very large close to the C-IC transition and their size gradually decreases when the
density becomes higher.
We also studied semi-inﬁnite systems consisting of the rectangular commensurate domain of the size
Lx ×Ly with periodic boundary conditions applied along the x and y -axes, but with free interfaces run-
ning along the y -axis. The simulation cell was of the size Lx = 60+∆, with ∆= 30, and Ly = 30
p
3/2.
Starting from a perfect C structure, we estimated the ground state energies for three different conﬁg-
urations with the ﬁxed numbers of Ar and Kr atoms equal to NAr = 60 and NKr = 540. The simulations
were carried out at low temperatures, between 0.01 and 0.1, using two types of algorithms, with and
without the identity exchange attempts.
Three different systems were considered. In the ﬁrst (i), two rows of krypton atoms adjacent to each
boundary running along the y -axis were replaced by argon atoms. The second system (ii) contained only
single rows of argon atoms at both free boundaries and the rest of Ar atoms formed a single wall consist-
ing of two rows of atoms inside the C patch at a certain distance rw from one of the interfaces. The third
system (iii) also consisted of single rows of argon atoms along the two free boundaries, but the rest of Ar
atoms formed two walls, each made of one row of atoms located at the distance rw from the closer free
interface. The calculations showed that in the systems (ii) and (iii) energy becomes independent of rw as
soon as rw is larger than the assumed cutoff distance rmax. The results given below were obtained for
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rw = 10.
The simulation without identity exchange attempts demonstrated that the system (ii) has a lower
ground state energy (per particle) (ei ≈−4.450) than the systems (i) (eii ≈−4.425) and (iii) (eiii ≈−4.398).
Moreover, the entire krypton patch in the system (i) was observed to form the C structure at low tem-
peratures, while the vast majority of argon atoms were displaced to incommensurate positions due to a
certain contraction resulting from the presence of free interfaces. In the case of system (ii), argon atoms
were observed to form an incommensurate wall with the displacement vector between the commensu-
rate domains at both sides of the wall corresponding to a heavy wall. The structure of system (iii) was
found to be commensurate, just the same as in the case of system (i) Another Monte Carlo run, in which
the identity exchange attempted was taken into account, performed for the system (i) demonstrated that
already at very low temperatures the system structure spontaneously changes to that corresponding to
the system (ii). Moreover, the two single rows of argon atoms inside the patch of the system (iii) were
observed to merge into a single heavy wall consisting of two rows of argon atoms. We also performed
a run using the algorithm involving the identity exchange attempts and the staring conﬁguration with
three rows of argon atoms at each free boundary. In this case, we observed the formation of two heavy
walls running along the y-axis and made of two rows of argon atoms again.
We calculated the ground state energies of perfectly commensurate (Ec,k ) and relaxed (Erel,k ) struc-
tures for the systems k =(i), (ii) and (iii) as well as the energy gain (per the unit length of free interfaces)
due to the relaxation
eint,k = (Erel,k −EC,k )/Lint . (3.3)
The energies (per atom) of perfectly ordered commensurate structures are very similar and equal to
eC,1 =−4.3748, eC,2 =−4.3699 and eC,3 =−4.36707. On the other hand, the energy gains due to relaxation
are considerably different and equal to eint,1 ≈−1.16, eint,2 ≈−1.85 and eint,3 ≈−0.76.
Figure 6. (Color online) The example of conﬁguration for the rectangular slab of the size 60×30
p
3 with
xAr = 0.2 at T = 0.03. Blue and red circles mark krypton and argon respectively. Circles with thin lines
correspond to commensurate atoms with the order parameter φ(ri )Ê 0, while circles with thick lines are
for incommensurate atoms with φ(ri )< 0.
The above presented results demonstrate that the formation of heavy walls consisting of two rows of
argon atoms inside the krypton patch leads to the most stable structure. It should be also noted that sim-
ulation for the systems with larger argon concentrations lead to the development of networks of heavy
walls like that given in ﬁgure 6, rather than to a series of parallel walls running along the y -axis. This
demonstrates that wall crossings contribute to the system stability and suggests that the wall crossing
energy is negative. Of course, at ﬁnite temperatures the network of hexagonal walls is also stabilized by
entropic effects, in particular, by the so-called breathing entropy [22, 23, 66].
Concluding this section, we should mention that from our earlier study [51] it follows that upon the
increase of temperature the domain walls structure disappears and the mixed commensurate phase is
formed at the temperatures below the melting point.
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4. A simple one-dimensional Frenkel-Kontorova model
In this section, we propose a simple modiﬁed one-dimensional Frenkel-Kontorova model [52, 53] that
leads to qualitatively similar results as those discussed in the previous section.
Taking into account that the domain-wall structures that appear for submonolayer coverages are
stable only at very low temperatures, we consider ﬁnite chains at zero temperature.
In general, the energy of the chain consisting of N atoms of two different species A and B can be
written as
E = 1
2
{
N−1∑
i=1
Ki ,i+1
[
xi+1− xi −bi ,i+1
]2+ N∑
i=1
vi [1−cos(2pixi /a)]
}
. (4.1)
In the above, we assumed that the interaction between a pair of nearest neighbors is harmonic and
characterized by the force constant Ki ,i+1 = K (A,A), K (A,B) or K (B,B) and the equilibrium distance
bi ,i+1 = b(A,A), b(A,B) or b(B,B), depending on the composition of the pair. The second sum in equa-
tion (4.1) represents the contribution to the potential energy due to the periodic substrate ﬁeld, with the
distance between adjacent minima equal to a, and the amplitude of the external ﬁeld vi is equal to vA or
vB.
In order to ﬁnd the equilibrium conﬁguration of such a mixed chain of the length N , one needs to
specify the numbers of atoms A and B and their positions along the chain, and then to minimize the
energy with respect to the set of {xi }.
Here, we considered a few situations that are supposed to mimic the behavior of the previously dis-
cussed two-dimensional systems. We assumed that the component A is Kr-like, while the component B is
Ar-like. The equilibrium conﬁguration of the chain made of atoms A only should correspond to the com-
mensurate structure. On the other hand, the chain made of only B atoms should lead to an incommensu-
rate ﬂoating structure. Assuming that the elastic constant K (A,A) is the unit of energy and the substrate
lattice constant a is the unit of length, we found out that the model with the parameters vA = 0.0055 and
b(A,A)= 1.9 describes reasonably well the commensurate structure. Note that by taking b(A,A)= 1.9 we
assumed that in the commensurate structure every second potential well is occupied by an atom and that
the misﬁt mAA = b(A,A)−2=−0.1 is negative. This value of misﬁt is larger than in the case of Kr/Graphite
system, for which it is equal to about −0.06 [51], but assuming the value of the misﬁt equal to −0.06,
the FK model leads to the stable commensurate phase even for unreasonably low amplitudes of the sur-
face ﬁeld. To model Ar atoms we assumed that vB = 0.003, b(B,B)= 1.8 and K (B,B)= 0.9 The parameters
K (A,B) and b(A,B) are assumed to be given by the Lorentz-Berthelot mixing rules, so that
K (A,B)=
√
K (A,A)K (B,B) and b(A,B)= 0.5[b(A,A)+b(B,B)] . (4.2)
We considered the chains that begin and terminate with atoms B. This assumption arises directly
from the observation that in two-dimensional systems, the domain-wall structures appearing only after
the peripheries of the cluster made of Kr atoms are covered with a ﬁlled single layer of Ar atoms. The
situation in which argon atoms are located only at the ends of the chain corresponds to the model labeled
as Model I. We considered two versions of this model assuming that there is only one argon atom at each
chain end (Model I1) and that each end is decorated by two argon atoms (Model I2). Then, in the Model
II, we assumed that at a certain position after the atom N1, i.e., at the position N1+1, a mixed wall of
the thickness equal to k atoms appears. The version of the model with a given value of k is named Model
II(k, N1).
In order to consider mixed walls, we assumed that within the wall, the parameters representing the
elastic constant, Kw , the equilibrium distance, bw , and the amplitude of the substrate potential, vw , are
all dependent on the wall composition measured by the mole fraction of component B, xB, and are given
by:
Kw = xBK (B,B)+ (1− xB)K (A,A), (4.3)
bw = xBb(B,B)= (1− xB)b(A,A) (4.4)
and
vw = xBvB+ (1− xB)vA . (4.5)
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The pairs (N1, N1+1) and (N1+k, N1+k+1), i.e., at both sides of the wall, consist of one A atom and
one wall atom, so that the respective elastic constants and equilibrium distances are given by
K (A, w)= xBK (A,B)+ (1− xB)K (A,A) and b(A, w)= xBb(A,B)= (1− xB)b(A,A). (4.6)
The above assumption takes into account the fact that when the wall is made only of atoms B, the inter-
action between the pairs (N1, N1+1) and (N1+k, N1+k +1) is the same as between the pairs (A,B) and
(N −1, N ), which are equal to K (A,B) and b(A,B), respectively.
Of course, the above assumed additivity relations are too simple to properly describe the effects of
wall composition on the behavior of adsorbed ﬁlms, but we will demonstrate that even such a simple
model leads to the results qualitatively very similar to those obtained for two-dimensional ﬁlms.
Then, we introduced the displacements ui = xi /b−2i , with b being the equilibrium distance for the
pair i and i +1, and rewrote equation (4.1) in the form
E = 1
2
{
N−1∑
i=1
Kˆi ,i+1
[
ui+1−ui −mi ,i+1
]2+ N∑
i=1
vˆi [1−cos(2piui )]
}
, (4.7)
where the energy is expressed in units of K (A,A)a2, and Kˆi ,i+1 =Ki ,i+1/[K (A,A)a2] and vˆi = vi /[K (A,A)a2]
and the misﬁts mi ,i+1 are deﬁned as mi ,i+1 = b(α,β)/a−2 with (α,β)= (A,A), (A,B), (A, w) or (w, w).
In the case of Model I, the energy given by equation (4.7) depends on the number of argon atoms at
the ends of the chain, while in the Models II(k, N1) it depends on both the thickness of the wall (k) and its
position (N1).
One should note that the systems considered in the previous section were studied using Monte Carlo
method allowing for the exchange of atoms identity, so that the distances between the patch boundary
and the walls and the wall-wall distances inside the patch correspond to the equilibrium states. In the
present one-dimensional model, the location of the wall is predetermined by N1, and one needs to min-
imize the energy with respect to all displacements {ui } as well as with respect to N1 in order to ﬁnd the
equilibrium state of the chain. On the other hand, the wall thickness and composition are controlled by
the argon mole fraction in the chain. The ﬁrst series of calculations is aimed at determining whether the
assumed model predicts the formation of solitons when B atoms are located only at the chain bound-
aries, i.e., when xB = 0.0 within the wall. The calculations carried out for different chain lengths, with
N ranging from 11 to 101, and using Model I1 always led to a single commensurate domain, i.e., to the
same qualitative results as for pure A chain. The only effect of the B atoms located at the chain ends
was an increase of atomic displacements near the chain ends (see ﬁgure 7). This result agrees very well
with two-dimensional Monte Carlo simulations carried out for low xAr , up to the value for which the
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Figure 7. (Color online) Atomic displacements versus atomic positions for ﬁnite chains consisting of 41
atoms. Black circles and line correspond to pure chain of B atoms, while red and blue circles and lines
correspond to the chains decorated by one and two atoms A at each end of the chain, respectively.
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Figure 8. (Color online) The main ﬁgure shows atomic displacements versus atomic positions for ﬁnite
chains consisting of 41 atoms with the ends decorated with one A atom and containing one A atomwithin
the chain at the position N1 +1 (given in the legend and marked by a ﬁlled circle). The inset shows the
changes of the system energy with the position of atom A within the chain.
entire boundary of commensurate Kr patch was covered by a single layer of Ar atoms. However, when
the Model I2 was used, the introduced perturbation appeared to be suﬃciently high to lead to the forma-
tion of solitons, i.e., the domain-wall structure (see ﬁgure 7). From the results of the previous section it
follows that already at very low temperatures, the Monte Carlo simulation, starting with the conﬁgura-
tion containing two rows of argon atoms at the boundaries, leads to the formation of a wall consisting of
two rows of Ar atoms inside the Kr patch, and the boundaries are decorated by only a single layer of Ar
atoms. Therefore, it is quite likely that the structure with two B atoms at each end of the chain is not the
equilibrium state for the chain with four B atoms.
Then, we considered the systems described by Models II(k, N1) with the wall of a thickness k located
inside the chain after the atom N1. At ﬁrst, we assumed that the chain length is ﬁxed (N = 41) and studied
the behavior of the model when the concentration of B atoms within the wall changes.
This situation mimics ﬁnite submonolayer systems with the gradually increasing concentration of
argon. In the two-dimensional systems, the number of atoms is proportional to N 2. Our choice of N
corresponds to clusters with the number of atoms equal to about 1500±100 i.e., not much larger than
those with 1333 atom that were studied by Monte Carlo simulations.
The calculations carried out within the Model II(1, N1) for the wall consisting entirely of argon (xB =
1.0) demonstrated that when N1 É 6, there develops a single soliton located behind the wall (see ﬁgure 8).
The energy of the system acquires a minimum value when N1 = 6 (see the inset a to ﬁgure 8).
When N1 > 6, a single atom B inside the chain does not lead to the formation of a wall. Only a rather
small perturbation appears close to the impurity atom (ﬁgure 8). Evidently, the commensurate stripe be-
tween the boundary and the atom B is already wide enough to sustain the stress induced by the impurity.
In the case of the Model II(2, N1) with N = 41, we found out that for xB up to 0.04, the commensurate
structure is a stable state for all possible values of N1. However, already for xB = 0.05, the system under-
goes a transition to the domain-wall structure. Figure 9 shows the atomic displacements obtained for a
series of systems with xB between 0.05 and 1.0. Thus, the results indicate that even when the perturbation
introduced by a small concentration of component B within the wall is weak, it leads to the development
of solitons. Two types of behavior can be singled out. For xB ∈ (0.05,0.6), there are three solitons and with
the increase of xB, the B atoms gradually approach the position of the ﬁrst soliton. In the second regime,
only two solitons appear and the B atoms are located right within the wall.
Of course, the results obtained for a high concentration of atoms B in the wall, do not correspond
well to the 2D systems studied using Monte Carlo simulations. For a large concentration of atoms B, one
would expect the formation of several mixed walls with lower values of xB rather than the appearance
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Figure 9. (Color online) Atomic displacements versus atomic positions for ﬁnite chains consisting of 41
atoms with the ends decorated with one A atom and containing two A atoms within the chain at the
positions marked by black circles obtained for different compositions of the wall inside the chain and
corresponding to the location of the wall that minimizes the system energy.
of a single wall with a high value of xB. Nevertheless, the model presented catches the most important
features of the C-IC transition in ﬁnite systems driven by the presence of impurities.
5. Summary
Using Monte Carlo simulation method we studied the C-IC transition which occurs at low tempera-
tures in ﬁnite clusters of Kr atoms contaminated with argon. It is demonstrated that pure krypton clusters
form only the commensurate structure. This is consistent with experimental data clearly demonstrating
that the commensurate structure is stable as long as the density does not exceed the density of a fully cov-
ered commensurate phase [41]. Also, the clusters retain a commensurate structure when small amounts
of argon are added to the system. It is established that argon atoms are predominantly located along the
cluster boundaries and the C structure is stable up to the point when the entire cluster boundary is cov-
ered with a single layer of argon atoms. As soon as the argon concentration becomes higher than this
threshold value, the system undergoes the C-IC transition leading to the formation of the domain-wall
structure. The walls separating the commensurate domains are found to be heavy and their composition
to change with the argon concentration. In particular, we found out that the argon concentration within
the wall changes linearly with the total argon mole fraction in the system. Thus, at a certain upper limit
of the argon concentration in the ﬁlm, the walls are made of argon only, while the cluster boundaries
are still covered with a single atomic layer of argon. A further increase of argon concentration causes
the walls made of argon and the argon layer along the patch boundaries to become thicker. It should be
noted that the size of commensurate domains does not depend much upon the argon concentration and
the domains are made of pure krypton. This demonstrates that the mixing does not occur in the C phase.
On the other hand, the mixing does occur within the incommensurate walls over a rather wide range of
argon concentration.
The above described behavior can be attributed to the rather large changes in the interaction energies
between different pairs (Kr-Kr, Ar-Kr and Ar-Ar) when the system undergoes the C-IC transition. In the
C phase, the distance between neighboring atoms is determined by the structure of the graphite lattice.
A considerably smaller misﬁt of krypton compared to argon, causes the system to maximize the number
of Kr-Kr pairs and to avoid the appearance of Ar-Kr and Ar-Ar pairs. In the incommensurate state, i.e.,
within the walls, the energy of interaction between Ar-Kr and Ar-Ar pairs is considerably higher since
the distances between nearest neighbors within the heavy walls are considerably lower and closer to
the locations of the LJ potential minima. This effect enhances the tendency toward mixing. Besides, the
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stability of walls is further enhanced by rather large entropic effects.
We also showed that similar C-IC transition emerges from a simple one-dimensional Frenkel-
Kontorowamodel applied to ﬁnite mixed chains. It is demonstrated that for appropriately chosen param-
eters of the model, its behavior is qualitatively very similar to that obtained fromMonte Carlo simulations
of two-dimensional systems.
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Механiзм формування структури доменної стiнки в
субмоношарових плiвках Ar-Kr на графiтi
A. Патрикiєв, С. Соколовський
Вiддiл моделювання фiзико-хiмiчних процесiв, хiмiчний факультет, Унiверситет iменi Марiї
Склодовської-Кюрi, 20031 Люблiн, Польща
Використовуючи метод моделювання Монте-Карло в канонiчному ансамблi, ми дослiдили перехiд вiд
спiввимiрної до неспiввимiрної фази у двовимiрних скiнчених змiшаних кластерах Ar i Kr, адсорбованих
на графiтнiй базиснiй площинi при низьких температурах. Показано, що перехiд вiдбувається, коли кон-
центрацiя аргону перевищує значення, необхiднi для покриття периферiй кластера. Неспiввимiрна фаза
демонструє подiбну структуру доменної стiнки до тої, яка була спостережена у плiвках чистого крипто-
ну при густинах, що перевищують iдеальну (
p
3×
p
3)R30◦ спiввимiрну фазу, але розмiр спiввимiрних
доменiв значно не змiнюється зi змiною розмiру кластера. Коли концентрацiя аргону зростає, склад до-
менних стiнок змiнюється, в той час як спiввимiрнi домени складаються з чистого криптону. Ми побуду-
вали просту одновимiрну модель Френкеля-Конторової, яка приводить до результатiв, що добре якiсно
узгоджуються з результатами Монте-Карло, отриманими для двовимiрних систем.
Ключовi слова: адсорбцiя сумiшей, переходи вiд спiввимiрної до неспiввимiрної фази, моделювання
Монте Карло, скiнченi системи, модель Френкеля-Конторової
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